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General Mapping Procedure for Variable Area Duct Acoustics

James W. White*
The University of Tennessee, Knoxuville, Tenn.

A general mapping procedure is described and applied to the study of noise propagation in variable area ducts.
The mapping provides a boundary fitted coordinate system which is ideal for the finite-difference solution of
acoustic fields with irregular boundaries, without the burden of large matrices required by finite element
methods. The procedure is first described in general and then applied to a particular two-dimensional geometry
under current experimental investigation. This method should be ideally suited to the study of high-frequency
noise propagation in variable area ducts and in cases where the far field is included in the calculation procedure.
Moreover, the current approach can be extended directly to three dimensions, resulting in numerical calculation

over a rectangular parallelepiped in the transformed plane.

) Nomenclature
Ch = ambient speed of sound, m/s
N i = frequency, Hz
i . =grid location in £ direction; also=+—1
J =grid increment in 7 direction
J = Jacobian, see Eq. (3)
k =time level .
H* = characteristic duct dimension in transverse
» direction, m
L* =duct length, m
n =normal direction
P =dimensionless acoustic pressure, =P*/(p*C;?),
also grid control function
Q = grid control function
t = dimensionless time, = *f*
t* =time, s
u = dimensionless acoustic velocity in x direction,
=u*/C}
u* = acoustic velocity in x direction, m/s
v = dimensionless acoustic velocity in transverse
direction, =v*/C}
v* = acoustic velocity in transverse direction, m/s
X = dimensionless axial coordinate, = X*/H*
X* = axial coordinate -
Y = dimensionless transverse coordinate, = Y*/H*
Y* = transverse coordinate, m
o,B,y  =seeEq. (5)
Af,An  =increments in transformed plane
v = gradient operator
655,5"" = second-order finite-difference operators
¢ = specific acoustic impedance
£ =coordinates in transformed plane
p* = ambient fluid density, kg/m?
w = dimensionless frequency, = H*f*/C}

‘Introduction

URING the past ten years, the study of noise

propagation in ducts has received considerable attention,
due to the introduction of strict aircraft noise regulations. The
analytical approaches developed divide into several areas.
Steady-state finite-difference theory!* assumes the acoustic
properties are simple harmonic functions of time, resulting in
governing mathematics which are independent of time.
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However, these steady-state equations tend to be difficult to
solve numerically. Steady-state finite element theory>1® is
quite useful in the study of acoustical systems with boundaries
that possess sharp curvature or slope discontinuity. However,
in situations where many elements are required, large matrices
must be used, which can burden even the largest of com-
puters. Special numerical transformation methods!®2? have
appeared but tend to be specialized to rather particular
situations. During the past few years, transient numerical
theory has been demonstrated by Baumeister?>? as an
alternative to the finite element approach. The transient
method approach requires no large matrices and is relatively
simple to code. Of course, this approach in finite-difference
form does have difficulty in accurately satisfying boundary
conditions on irregular surface boundaries.

An accurate numerical description of boundary location
and boundary condition is very important since the overall
solution of noise propagation is influenced strongly by the
acoustic boundary conditions. When an irregular boundary
must be dealt with usually one of two approaches is taken.
The boundary can be located approximately with a uniform
grid or it can be located exactly by use of a variable spatial
grid. Neither of these approaches is desired. The first in-
troduces error into the boundary condition. The second
approach results in less accurate finite-difference ap-
proximations and tends to require tailoring to a particular
geometry and so is more cumbersome to use. In order to most
accurately represent boundary conditions numerically, the
boundary should be coincident with a coordinate line. The
generation of a boundary fitted coordinate system is. then
quite desirable.

A general approach to the development of such a coor-
dinate system is to allow the curvilinear coordinates to be
solutions of an elliptic partial-differential equation (PDE)
system in the physical plane with Dirichlet conditions on all
boundaries. With this method, one coordinate is constant
along each of the boundaries. Grid points may be con-
centrated as desired on the boundary in the physical plane,
and the procedure is not restricted to two dimensions. The
resulting coordinate system is, in general, not orthogonal, but
this presents no problem.

This approach has been applied to two-dimensional simply
connected regions by Winslow,% Barfield,?” Chu,?® Amsden
and Hirt,? and Godunov and Prokopov.3® Winslow? and-
Chu?8 took the transformed coordinates to be solutions of a
Laplace equation in the physical plane which produces the
physical coordinates as solutions of a quasilinear elliptic
system in the transformed plane. Thompson et al.3!,32
followed this approach and developed a method for the
construction of a body-fitted coordinate system over a
multiply connected region, with application to aerodynamic
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Fig. 1 The physical and transformed planes.

flows. Solution of the mapping equations by Thompson et
al.3132 s achieved by successive over-relaxation (SOR). The
speed of convergence and, indeed, convergence itself is

dependent on the initial conditions of the physical coor-

dinates.

The purpose of this paper is to present the development of a
general mapping procedure applicable to variable area duct
acoustics studies. The mapping provides an accurate
resolution of the flow boundaries and provides a convenient
computational plane for solution of the governing physical
equations using finite differences. Since many of the details of
the derivation of the PDE mapping system are included in
Ref. 32, only an outline will be included here. The solution
method used for the mapping is quite different than any
obtained earlier, however, and is described here in detail.
Computed results are included for the mapping of a variable
area two-dimensional duct. The transformed zero flow
acoustic equations and boundary conditions are also derived
for the same geometry. These equations then are solved
numerically, and the results are compared with experimental
values.

Mapping Procedure .
In order to illustrate the mapping procedure, consider the
general two-dimensional domain shown on Fig. 1. The
boundary is continuous but may possess steep curvature
and/or slope discontinuity. We define a mapping that
transforms the domain in the physical (X-Y) plane into a
rectangle in the (§-y) plane. Grid points may be placed
arbitrarily along the boundary in the physical plane; the
mapping allows these points to be located equally spaced
along corresponding segments in the transformed plane. This
feature of the mapping then allows points to be condensed in
regions of the physical plane where the governing physical
equations are expected to produce steep gradients, while
computation is performed over a uniform grid where central
difference numerical approximations may be used. The
physical coordinates of the interior points in the transformed
plane are unknown and must be solved for by use of the
mapping equations. Let the mapping be defined by the
following system of elliptic equations:

V2E=P(£,n) VIn=Q(&,n) (0]
The functions P and Q are used to control the location of the
grid lines and are used frequently in aerodynamics
calculations where one of the transformed coordinates may
not intersect a flow boundary. The dependent and in-
dependent variables in Eqgs. (1) are interchanged as follows:

f€=fo£+ny£ fn=fXX"z+nyn @)
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Equations (2) are then solved to give
o= U Y, =f, Y 1
and
fy=(=f X, +1,X) 1T 3)

where
J=X.Y —-X,Y;

Thus, we have

=Y, 0 G==X0 @

and so on. The Laplacian operators then appear as ‘
P =X, [aYy—28Y,,+vY,, 1 =Y, [aX,

—2BX,, +7X,

)
PVing=—X[aY, —28Y, +vY, 1+ Y, [aX,
—2BX,,+7X,,] ' ©)
where

q=X§+Yﬁ B=X X, +Y.Y, y=X}+Y}
Using Eqgs. (5) and (1) and solving for the second-order
grouped terms in Egs. (5), there results

aX,, —28X,, +vX,, +2 [X,P+X,0]=0 (62)

kaYgg—25Y5n+7Y,m+J2[Y£P+ YnQ]=0 (6b)

The coupled quasilinear elliptic system Egs. (6) is then solved
in the transformed plane for the physical coordinates X and
Y.

The solution of Egs. (6) in the current work departs
markedly from the SOR procedure reported by Thompson et
al.31.32 The coefficients of the second-order terms are
nonlinear which makes the numerical solution by SOR highly
dependent on the initial conditions used. In the current work,
a different approach is taken. In order to minimize the in-
fluence of the initial conditions on the stability and con-
vergence of the solution, a damping term is added to each of
the PDE’s in Egs. (6), resulting in

X, =X — 26X, +1X,, + P X P+X,0] ()

Y, =aY, —28Y, +yY, +J2[Y,P+Y Q] (7o)

The mapping equations given by Eqs. (6) express geometric
relationships between the coordinate terms and, of course,
involve no real-time dependence. The motivation here is that
the time derivative terms will serve to smooth out and dampen
the simultaneous solution of the two equations. The ‘‘steady-
state’’ solution of Egs. (7) is then viewed as the asymptotic
transient solution as time approaches infinity.

In the development that follows, the grid control terms P
and Q are neglected. Control terms are useful primarily in the
analysis of multiply connected domains where some contour
lines do not touch the boundary. For mapping of simply-
connected domains, grid points concentrated on the physical
boundary can provide the same effect as the grid control
terms.

The numerical solution of Egs. (7) is obtained by an
alternating direction implicit method. The method exhibits
spatial factoring and reduces to a series of tridiagonal matrix
inversions in progressing from one time level to the next.
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Factored schemes have developed significantly since their
introduction®® and are - currently used for complex
calculations such as the Navier-Stokes equation. 34

When Egs. (7) are expressed in finite-difference form using
Crank-Nicholson averaging, there results

At YAt .
(1= 8) (1= 5 0,,) cxevr—x

= [aX}, —2BXE, + XY JAI—B[XE, —XE-11At (8a)

Ar At
(1—017 625) (1*776"7,)()1/”'1— Yk)

=[aY’&—25Y§ﬂ+'yYfm]At—6[Y’gn—Y’g;’]At - (8b)
- In Egs. (8), the nonlinear coefficients («,8,vy) are treated
explicitly as the solution progresses from one time level (k) to
the next (k+1). The finite-difference Egs. (8) are in the form
(I-L)(I-Ly)AXt=¢, (9a)

(I-L)(I-L,)AY*=¢, (9b)
where
AXk = Xk+1 __ Xk AYk = Yk+1 _ yk
L, is the linear difference operator in £ direction and L, the
linear difference operator in % direction. The factored
solution is achieved by first solving values of X and Y at an
intermediate time (denoted by an asterisk) from
(I-Lp)AX*=¢, (10a)
(I1-L))AY* =4, (10b)

Equations (10a) and (IOb) each represent a system of one-

dimensional equations in the ¢ direction. Each equation

requires a tridiagonal matrix inverse. The final values at the
new time (k + 1) are then obtained from

(1-L,)AX*=AXx* (11a)
(1—,L2)AY"=AY"k - (11b)

Equations (10) and (11) are equivalent to Egs. (9). This can be
seen by operating on Eq. (11a) with (1 —L,) and adding the
result to Eq. (10a). The result is Eq. (9a). A similar procedure
shows that Eqgs. (10b) and (11b) are equivalent to Eq. (9b). As
an example consider a two-dimensional duct with a variable
area. The top surface (see Fig. 2) is given by a fourth-degree
polynomial which appears as

?/h=16(X/L)2—32(X/L)3+I6(X/L)4 (12) .

and produces a 50% decrease in flow area at the duct
midlength. The initial values of X and Y were assumed to vary
linearly in the transformed plane. Equations (8) were in-
* tegrated in time and convergence was achieved in twenty time
steps for an 11x 11 grid. The resulting grid distribution is
plotted on Fig. 3. For this particular geometry, the constant £
lines remain vertical, because the inlet and exit boundaries are
vertical. The vertical distance between constant n lines is not
constant and reflects the effect of the curved top wall on the
overall grid distribution. The acoustic properties of this
particular variable area duct currently are under study at
NASA Lewis Research Center. In the next section, the
linearized acoustic equations are transformed and solved
numerically; results are compared with experiment.

WHITE
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Fig. 3 Solution of the mapping for a variable area duct.

Transformation of the Acoustic Equations

For the case of two-dimensional zero mean flow, the
linearized acoustic equations of continuity and momentum
appear, respectively, as

wP,=—u,—v, wu,=—P,

wv,=—P (13)

y

where all terms are nondimensional and are defined in the
Nomenclature. The component equations of Eqgs. (13) can be
combined into a single wave equation which appears as

w’P,=P, +P, (14)

Boundary conditions for the variable area two-dimensional
duct shown in Fig. 2 follow.

Inlet (X =0):
P=exp(i2«nt) , (15)

This is /the noise source that drives the acoustic flow.

Bottom (Y =0):
—P,—P,=0 (16)
Here, ¢ is the specifi(;. acoustic impedan;:e. For cases where

¥ =0 corresponds to a line of symmetry or where a hard wall
condition ({— o) is applied, Eq. (16) reduces to

P,=0
Exit (x=L*/H*):

WP, +P. =0 an
Equation (17) assures that no plane wave reflection occurs
at the duct exit and so approximates the condition of an in-
finite length constant diameter duct beyond the variable area

duct exit.
Top surface:

w
—P,+P,=0
¢ 18
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Here, n is the normal in the outer direction to the duct top
surface. For the case of a hard wall, the boundary condition
given by Eq. (18) reduces to

P,=0
Upon transforming to the (£-y) plane, the wave Eq. (14)
appears as

1
w?P, = 7 [aPy —2BP, +~P, +0oP, +7P;] (19)

where (a,8,7,J) are defined as before and
a=J°Q 7=J?P

For this particular case, since no grid control terms were
used in the mapping, we have

o=7=0
The transformed boundary conditions appear as follows.

Inlet (£=0):

P=exp (i2t) - (%)
Bottom (7=0):
s
i‘;—P,— ~Jan=0 (20)
Exit (£=1):
WP, + § (Y,P,~Y.P,]=0 1)
Top surface (y=1): —
©p4 L 1yp —pp.)=0 22
¢ t J\/; 'Y‘n_ﬁ g]— (22)

The mapping procedure does not introduce nonlinearities
into the wave equation or the associated boundary conditions.
However, the mapping does bring variable coefficients into
the governing mathematics.

The transformed wave equation is then put into second-
order time-accurate finite-difference form for an explicit
solution and appears as -

,Plr! 2Pk 4 Phol

W

(Ar)?
where
P’§£= Pfl'(’+1‘,j_2pl/{j+P¢—],j
(a%)?
pi = Pl —2PG+ Py
m (ATI)Z

Pig(uz 4AEAY [P{'<+l,j+1 +P{'(d,j—/ _P{'(+l,j—[—P{‘(—1,j+l]

The system of equations given by Eq. (23) together with the
finite-difference form of the boundary conditions Egs. (15),
(20), (21), and (22) were solved on the rectangular trans-
formed domain for the case of a hard wall duct with the
. geometry shown on Fig. 3. The computational grid used was
11 x 11 with a dimensionless time increment of 0.002 while the
initial condition on the acoustic pressure was that of a
quiescent field. It should be noted that since the noise source
is complex, the resulting pressure throughout the duct will
also be complex. For large values of time, the acoustic

== [aPf, —28Pf, +vPL 1 (23)
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Fig. 4 Comparison of the computed and measured pressure profiles
for the variable area duct.

S b
; X/L=03
S 2 0.4
gl /0‘9
-¥
™~.0 0.2
2 “0'5
-2 0.8
|
)
Eed
&
—6. 0.6
0.7
! 1 1 | 1 1 I 1 i {
0 02 04 06 08 10

v/(19)

Fig. 5 Computed transverse pressure profiles for the variable area
duct.
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Fig. 6 Inclusion of the far field with a variable area engine inlet.

pressure field takes the form

P=P(X,Y)exp(i2nt)
where ‘

P=PB,(X,Y)+iP,(X,Y)
Nurherical results of the bottom wall absolute pressure given
by
| P(X,Y=0,1)
@ exp(i2wt)

are presented on Fig. 4 after 800 time steps of integration for a
dimensionless - frequency of 0.172. Computed transverse
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pressure profiles are shown on Fig. -5. After this much
simulated time, the absolute pressure essentially is in-
dependent of time, resulting in a periodic steady state.
Agreement with the experimental data supplied by NASA
Lewis Research Center is seen to be good, although some
scatter does exist in the experimental values. Required central
processing unit time for the mapping and time dependent
solution was about 60 s.on an IBM 370/3031 system.

The example illustrates the mapping procedure and the
«Jesulting numerical solution of the transformed wave
equation and associated boundary conditions. The full power
of this mapping method will be increasingly evident in the
study of more complicated geometries and in cases where the
far field is included in the computation, as shown on Fig. 6.
Inclusion of the far field will provide acoustic radiation
patterns far from the noise source and will eliminate the
necessity of specifying approximate boundary conditions at
the duct exit,

P

Conclusion

A general mapping procedure has been described which is
applicable to the study of noise propagation in variable area
ducts. The method combines the most desirable charac-
teristics of finite differences and finite elements in that highly
accurate boundary resolution is provided without the need for
large matrices. These features will be especially important in
the study of very high-frequency noise propagation.

In two dimensions, the mapping is more general and less
restrictive than a conformal map. Moreover, the mapping
described here can be extended directly to three dimensions,
resulting in finite-difference calculation over a rectangular
parallelepiped in the transformed plane.
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